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Governing Equations

Fourier’s equation for heat conduction

(The convective term is not considered because of the comparatively smaller rate of water
migration to that of heat conduction, and also because of the phase change of water)

oT 0 (_ 0T ; 00;
()22

PCSt T ox

MIXé% tfgéé nflct Sé%jw a?&uatlon (including the term incorporating ice formation)
C gravimetric specific heat capacity of freezing soil
t_—tgfnrre]perature @Mgl!wp) 00; N 0 [ k oy B 1)] — 0
= at py Ot  0Ox pwg
A = thermal conductivity
= latent heat of fusion of water

0,, p; wollamsttyofinéeozen water content
K Shyel vlliioesieicgicagtent
g :ﬁaﬁ%&%r%&i@ﬂ&tmﬁ direction of gravity

¥ = soil suction




Other Equations
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K,.(6,) = 6,° [1—(1—9W1/m)m] m=1-2/n, (0<m <Ln>2)



Representative Elementary Volume (REV)
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Different Scenarios:

1 Constant K
v Temperature at the ground surface -1°C
v Temperature at the ground surface -23°C
K as a function of 6,,
v Temperature at the ground surface -1°C

v Temperature at the ground surface -23°C



21

0.94

0.6

0.3+

[k

—~——m

21

06

09

06

0.3

06

0.3

12

15

K as a function of 0,

29 . . . .
1 U
emp - - P
max - d—
r 18- —f
q: h— |
P k—
0 —]
n m:
" 15 g o =
k- [ R
it -
I
h
g: 1.2 v
f: w
e
d- > *
c:
b 09 v
a:
min
X
06-
¥
0.3
.
w
0.-
T T T T T T T
06 03 0. 03 06 09 12 15
X
Temperature at the ground surface -23°C
Constant K
24 . . . . .
temp P o
max d
r J 2 3
0 18 =
p 1
0 k
m 1 5 — n—
I: 27
K P ’
I — E—
I
L
g: 1.24 N o
g :
e w
. - ,
b: 0.9
a: y—
min
x
06-
[ ¥
0.3-
1
0.
06 03 0 03 06 09 12 15

temp

TC<§ X<

temp

max

=

esE

Juocas TEITTFTIDOTO N0

Juorar M I A TIToOTa W




temp

temp

K as a function of 0,

/‘\ temp 1 temp
from (0.5,0) 275. from (0.5.0)
to (0.5.2) to (0.5.2)
277.
1: temp 1: temp
270.
276.
265.

temp

275. \

\ 5 260.
274,
255,
273.
250.
272. > 2
0 03 06 09 12 15 18 21 0. 03 06 09 12 15 18 21
Y Y
Temperature at the ground surface -1°C Temperature at the ground surface -23°C
Constant K
278.
tem 275. = temp
TN from (0.5,0) = from (0.5,0)
to (0.5.2) to (0.5,2)
277. 1: temp 1: temp
270.

276.
: \
.
/ 265.
275.

o
E
2
260.
274.
255.
273,
250.
272. o 2
0 03 06 09 12 15 18 21 0. 03 0.6 09 12 15 18 21



21

0.9

0.6+

0.3+

086

21

0.9

0.6

0.3

06

thetai

~oc< g X

JposaM MR I TTIATIIODL T

B

N3
2

<s®<N

3worAar T@ITTA T II0Ta M T

K as a function of 0,

=Y =F=T-F—7— P
b B f==g- -1 -1 -]
oSSt

cocoo
ey o
[=2=E=1:

0.45

o
o
o

Constant K

>

21

0.9+

0.6

0.3

06

21

0.9+

06+

0.3

06

12

max

M N

JuooaA MO ITTXTISOTVAN N TC <

Jeorar TR I TATITIODO B ITES

g

=R ] CERTRY.
(=198~} G’J‘DU’\QU\%



thetai

thetai

03

086

09

Temperature at the ground surface -1°C

21

03

06

09

21

K as a function of 0,

thetai
from (0.5,0)
t0 (0.5,2)

1: thetai

thetai

Constant K

thetai
from (0.5.0)
t0 (0.5.2)

1: thetai

thetai

1 thetai
from (0.5.0)
f t0 (0.5.2)
09
\ \ / ) 1: thetai
"I gy
NI /
05 /
04
03 /
02 /
01
2
03 06 09 12 15 18 21
Y
Temperature at the ground surface -23°C
1 thetai
from (0.5,0)
[ t0 (0.5.2)
09 \ ’\/\ / 1: thetai
N \ A /
07 \‘IM //\‘ /
06 \
05
0.4 /
L/
2
03 08 09 12 15 18 21



e

sai

-4

e-4

sai

-20.

-25.

K as a function of 0,

/./

-40.

03

0.6

09
Y

18

Temperature at the ground surface -1°C

-10.

-15.

-20.

-25.

-40.

03

0.6

09

12

15

e3
. 0 )
sal o sal
from (0.5.,0) L from (0.5,0)
t0 (0.5.2) / to (0.5.2)
1: sai -5 1: sai
10,
)
15, A
- \
w
20,
\ -25. \
\ 20 y
\
2 2
o1 03 06 09 12 15 18 21
Y
Constant K
e3
) 0. )
[ sal
rom (0.5,0) L from (0.5.0)
t0 (0.5.2) / to (0.5,2)
1: sai 5. 1: sai
0.
1
5. \
- \
w
20.
\\ -25. \
\ .
\ \
2 2
21 03 06 09 12 15 18 2.1



thetai

21 !

0.9

0.6

0.3

0.95

09

ar
.00

0.75

0.7

03

086

0.9

12

21

K as a function of 0,,

temp

max

min

272150
272.160
272,150
272140
272150

thetai
from (0.5,0)
t0 (0.5,2)

1: thetai

21

1.5

12

0.9

0.6

0.3

06

e3
-4 6846

12

thetai

ce<xg

Jwooae eI TTTATITIOTA W

-4.6847

-4.6847

-4.6848

-4.6848

ai

@ 46848

-4.6849

-4.685

-4.6851

03

06

09

12

21

0.66

cocoooooo
(4, Y =r ar]

L
255528928



Conclusion:

The results of our simulations for Low temperatures at ground surface (-1°C) are in a
very good agreement with what expected

When the temperature at the ground surface is too cold (-23°C), the results seem to at
least have the expected trend but instead of having a smooth curve, its fluctuating

Possible explanation of non smooth results:

Software does not allow us to refining mesh so large mesh might be the reason of
fluctuations in the results
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Fourier’s equation for heat conduction

(The convective term is not considered because of the comparatively smaller rate of water
migration to that of heat conduction, and also because of the phase change of water)

oT 0 (_ 0T ; 00;
()22

PCSt T ox

p = soil density

pyw = density of water

C = gravimetric specific heat capacity of freezing soil
T = temperature (in kelvin)

t =time

A = thermal conductivity

L = latent heat of fusion of water

p; = density of ice

8; = volumetric ice content

X = is the coordinate in the direction of gravity



Mixed-type Richard’s equation (including the term incorporating ice formation)

OHW N Pi 601 + 0 k 6'{’
dt py Ot  0x pwg

- | =0

6,, = volumetric unfrozen water content
K = hydraulic conductivity

g = gravitational acceleration

¥ = soil suction



Other Equations

Generalized Clapeyron Equation (integrated and written in the form of soil suction for
freezing soils):

T
¥ = —pWLlnT—O

T, = freezing point of bulk water (in kelvin) under a standard atmospheric pressure

Relationships between the temperature and the water content

6y = 0, (T)
6, = 0.0015(T — 273.15)3 + 0.0294(T — 273.15)? + 0.238x + 0.8157

Relative hydraulic conductivity (Van Genuchten, 1980)

K,.(6,) = 6,° [1—(1—9W1/m)m] m=1-2/n, (0<m <Ln>2)
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